The neutrino oscillations are studied in the framework of the minimal supersymmetric SO(10) model with Type-III see-saw mechanism by additionally introducing a number of SO(10) singlet neutrinos. The light Majorana neutrino mass matrix is given by a combination of those of the singlet neutrinos and the SU (2) L active neutrinos. The minimal SO(10) model gives an unambiguous Dirac neutrino mass matrix, which enables us to predict the masses and the other parameters for the singlet neutrinos. These predicted masses take the values accessible and testable by near future collider experiments under the reasonable assumptions. More comprehensive calculations on these parameters are also given.
Introduction
As pointed out in [1] , we can construct, within the context of the standard model (SM), an operator which gives rise to the neutrino masses as
Here ℓ, H are the lepton doublet and the Higgs doublet, C is the charge conjugation operator and Λ is the scale in which something new physics appears. In the usual seesaw mechanism (type-I see-saw mechanism) [2] , the scale parameter Λ is interpreted as the energy scale at which the right-handed neutrinos become active. In this paper, we explore the other possibility of type-III seesaw, introducing a set of singlet into the minimal supersymmetric standard model (MSSM). The motivations of this are as follows. One comes from the theoretical reason that string inspired E 6 models include SO(10) singlets as a matter content. The other does from the empirical reason that many indicate reduced coupling of neutrinos to the Z 0 -boson in the framework of the SM or the SM with righthanded neutrinos [3, 4] .
Type-III see-saw mechanism
We begin with reviewing the essential concept of the type-III see-saw mechanism proposed in the reference [5, 6, 7, 8] . You can find a detailed study in [9] . In this model, in addition to the usual SU (2) L singlet N = ν R , we add a new SO(10) singlet neutrino "S", which has a positive lepton number (+1),
where H u and H s are the SU (2) L doublet and singlet chiral superfields, respectively. This Lagrangian is written in a matrix form in the base with {ν L , N, S L } as follows:
(2.2)
After the spontaneous symmetry breaking, they give masses to the neutrinos as
Note that the µ s term in the above breaks an originally existing global U (1) L and U (1) R symmetries. Thus we can naturally expect it as a small value compared with the electroweak scale 1 . By integrating out ν R ,
we obtain
This means that the light neutrino mass eigenstate is a linear combination of two states ν L and S L with the mixing angle ǫ ∼ = m D /M D :
Such an extra mixing term is interesting when we try to explain the "NuTeV anomaly" through the heavy singlet neutrino contributions to the neutrino-nucleon scatterings [3, 4] . Putting Eq. (2.5) into Eq. (2.8), we get the effective light neutrino mass matrix as
(2.7)
In general, adding three singlet neutrinos {S 1 , S 2 , S 3 }, the effective light neutrino mass matrix can be written in the matrix form as
This matrix is diagonalised by Maki-Nakagawa-Sakata (MNS) mixing matrix U as
An important fact is that the new physics scale has also the "see-saw structure" as
(2.10)
1 When the µs term is arisen from the VEV of a singlet µs = λ S ′ , there appears a pseudo-NG boson, called Majoron J = ℑS ′ associated with the spontaneously broken U (1)L symmetry. Then the keV scale lepton number violation may lead to an interesting signature in the neutrinoless double beta decay [10] or becomes a possible candidate for the cold dark matter [11] .
Hence this mechanism is sometimes called as "double see-saw" mechanism. It's not the actual see-saw type but the inverse see-saw form, because the small lepton number violating (/ L) scale µ s would indicate the large scale. Now we consider the general three generation cases. For simplicity, we assume that all S i have a common µ s term. Then the light neutrino matrix is written as
that is,
This symmetric combination can be diagonalised by a single unitary matrix U
Here we note that U includes three mixing angles
You should not confuse these mixing angles with those of the MNS mixing matrix U appearing in Eq. (3.15) .
From this expression, we can obtain a prediction about masses and mixings for the heavier Dirac mass matrix M D by giving some informations about the light neutrino masses and mixings and the lighter Dirac mass matrix m D .
Fermion masses in an SO(10) Model with a singlet
In order to make a prediction on the second Dirac neutrino mass matrix M D , we need an information for the Yukawa couplings of Y ν . In this paper, we make the minimal SO(10) model extend to add a number of singlet, which preserves a precise information for m D . We begin with a review of the minimal SUSY SO(10) model proposed in [12] and recently analysed in detail in references [13, 14, 15, 16, 17, 18, 19, 20] . Even when we concentrate our discussion on the issue of how to reproduce the realistic fermion mass matrices in the SO(10) model, there are lots of possibilities of the introduction of Higgs multiplets. The minimal supersymmetric SO(10) model includes only one 10 and one 126 Higgs multiplets in Yukawa couplings with 16 matter multiplets. Here, in addition to it, we introduce a number of SO(10) singlet chiral superfields 1 as new matter multiplets 2 . This additional 2 The singlet matter multiplet may have it's origin in some E6 representations 27 or 78 which are decomposed under the SO(10) subgroup as 27 = 16 + 10 + 1, 78 = 45 + 16 + 16 + 1. In such a case, the superpotential given in Eq. (3.1) may be generated from the following E6 invariant superpotential:
singlet can provide a type-III see-saw mechanism as described in the previous section. The relevant superpotential can be written as
At low energy after the GUT symmetry breaking, the superpotential leads to 
where α u,d and β u,d denote elements of the unitary matrix which rotate the flavour basis in the original model into the SUSY mass eigenstates. Omitting the heavy Higgs mass eigenstates, the low energy superpotential is described by only the light Higgs doublets H u and H d such that 
where M u , M d , m D and M e denote up-type quark, down-type quark, Dirac neutrino and charged-lepton mass matrices, respectively. Note that all the quark and lepton mass matrices are characterised by only two basic mass matrices, M 10 and M 126 , and four complex coefficients c 10 and c 126 . In addition to the above mass matrices the above model indicates the mass matrices,
together with M D given in Eq. (2.3) . c R and c L correspond to the VEV's of (10, 1, 3) ⊂ 126 and (10, 3, 1) ⊂ 126, respectively [21] . If M R , M L , M D terms dominate, they are called Type-I, Type-II, and Type-III see-saw, respectively. In this paper, we consider the case c R = c L = 0, Type-III. The mass matrix formulas in Eq. (3.5) leads to the GUT relation among the quark and lepton mass matrices,
where
Without loss of generality, we can take the basis where M u is real and diagonal, where M e ≡ V * CKM D d V † CKM + κD u . With input data of six quark masses, three angles and one CP-phase in the CKM matrix and three charged-lepton masses, we can solve the above equations and determine κ and |c d |, but one parameter, the phase of c d , is left undetermined [13, 14, 15] . With input data of six quark masses, three angles and one CP-phase in the CKM matrix and three charged lepton masses, we solve the above equations and determine κ. The original basic mass matrices, M 10 and M 126 , are described by
as the functions of σ, the phase of c d , with the solutions |c d | and κ determined by the GUT relation. Now let us solve the GUT relation and determine |c d | and κ. Since the GUT relation of Eq. (3.7) is valid only at the GUT scale, we first evolve the data at the weak scale to the corresponding quantities at the GUT scale with given tan β according to the renormalization group equations (RGE's) and use them as input data at the GUT scale. Note that it is non-trivial to find the solution of the GUT relation since the number of the free parameters (fourteen) is almost the same as the number of inputs (thirteen). The solution of the GUT relation exists only if we take appropriate input parameters. Taking the experimental data at the M Z scale [22] , we get the following values for charged fermion masses and the CKM matrix at the GUT scale, M GUT with tan β = 10: For simplicity we take U e3 = 0. Note that we can take both signs of ∆m 2 32 , ∆m 2 32 > 0 or ∆m 2 32 < 0. The former is called normal hierarchy, the latter is called inverted hierarchy. Here we adopt the former case, and take the lightest neutrino mass eigenvalue as m ℓ = 10 −3 [eV]. Then the mass eigenvalues are written as
For the light Dirac neutrino mass matrix m D , we input the SO(10) predicted one as was done in the previous section. However, unlike the case of minimal SO(10) GUT model, we can not fix σ. So we can obtain the heavy Dirac neutrino mass matrix M D as a function of µ s and the three undetermined parameters, σ, two Majorana phases ϕ 1 and ϕ 2 . For example, for fixed µ s = 1 [keV] (For the implication of this value, see the footnote of page 2) and ϕ 1 = ϕ 2 = 0, we get a prediction for the mass spectra of M D . The dependences on the parameters σ and U e3 for fixed σ = π are depicted in Fig. 1 . These values are allowed by the present experiments [23] and are accessible and testable by the Large Hadron Collider (LHC) at CERN, in which we are able to discover new particles with masses up to 7 [TeV] [24] .
Of course, these values depend on the ambiguous assumptions taken above. We may take another strategy adopted in [20] . As shown in the paper [20] , we repeat the substitution of the normally-distributed random numbers which give the experimental values [25] : Finally, it is remarkable to say that the see-saw mechanism itself (or the types of it) can never been proofed and all the models should take care of all the types of the see-saw mechanism including the alternatives to it [26, 27] . The test of all these models is due to the applications to the other phenomelogical consequences, for example, the lepton flavour violating processes and so on [28, 29] .
Summary
In this paper, we have constructed an SO(10) model in which the smallness of the neutrino masses are explained in terms of the type-III see-saw mechanism. To evaluate the parameters related to the singlet neutrinos, we have used the minimal SUSY SO(10) model. This model can simultaneously accommodate all the observed quark-lepton mass matrix data with appropriately fixed free parameters. Especially, the neutrino-Dirac-Yukawa coupling matrix are completely determined. Using this Yukawa coupling matrix, we have calculated the masses and mixings for the not-so-heavy singlet neutrinos. The obtained ranges of the mass of M D is interesting since they are testable by a forthcoming LHC experiment. 
